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n order to develop an efficient and fast position control for ro-
otic manipulators, vibration phenomena have to be taken into
ccount. Vibrations are mainly caused by the flexibility of manipu-
ator linkages, especially when dealing with high-speed and light-
eight robots. In this paper, a constrained model-based predictive
ontrol is employed for controlling both position and vibrations in
mechanism with high link flexibility. This kind of controller has

o far been used mainly to control slow processes, but here simu-
ation results that show its effectiveness in dealing with high-
peed and nonlinear processes are presented. The mechanism
hosen to evaluate the performances is a four-link closed chain
echanism laying on the horizontal plane and driven by a single

orque-controlled electric motor. �DOI: 10.1115/1.4000658�

Introduction
In the past 40 years modeling, dynamics, and control of flexible

inks mechanisms have been a central topic in robotics. The fact
hat accurate dynamic and control of vibration phenomena would
llow to design and build robots with reduced weight and higher
perative speed has been the main reason of this popularity. Ac-
urate modeling of both single and multibody flexible links
echanism have been studied in a great deal of works. An exten-

ive review of the results obtained so far can be found in Ref. �1�.
mong the different approaches to dynamics modeling, the finite-

lement method �FEM� is the most popular. This approach, which
s based on the discretization of elastic deformation into a finite
et of nodal displacements, has been used, for example, in Refs.
2,3�.

The aim of this paper is to investigate the effectiveness of
odel-based predictive control �MPC� strategy for position and

ibration control in a multilink flexible mechanism, following the
esults already developed by the same authors in Ref. �4�. MPC
efers to a family of control algorithms that compute an optimal
ontrol sequence based on the knowledge of the plant and on the
eedback information. These data, together with a set of con-
traints, are used as the basis of an optimization problem. MPC
ontrol has been first employed in chemical factories, but in recent
ears it has experienced a wider diffusion to other industrial fields.
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The availability of more powerful embedded platforms in recent
years has encouraged the development of embedded MPC control
systems suitable to fast-dynamic plants. In this paper the MPC
control is proposed for simultaneous position and vibration con-
trol in a four-link flexible mechanism lying on the horizontal
plane. The literature on MPC as an effective vibration reduction
strategy in flexible systems is very limited. To the authors’ knowl-
edge the only paper focusing on this topic is Ref. �5�, in which an
MPC controller is used to control vibrations in a flexible rotating
beam through an electric motor and piezoceramic actuators. In
this paper the MPC controller has been implemented in a software
simulation using MATLAB/SIMULINK

®. Exhaustive simulations have
been made to prove the accuracy and the effectiveness of this
control approach.

2 Dynamic Model of a Four-Link Planar Mechanism
In this section the dynamic model of a flexible-link mechanism

proposed by Giovagnoni �3� will be briefly explained. The choice
of this formulation among the several proposed in the last 40
years has been motivated mainly by the high grade of accuracy
provided by this model, which has been proved several times, for
example, in Refs. �6,7�. The main characteristics of this model can
be summarized in four points: �1� finite element method �FEM�,
�2� equivalent rigid-link system �ERLS�, �3� mutual dependence
of rigid and flexible motion, and �4� suitability to mechanisms
with an arbitrary number of both flexible and rigid links.

Each flexible link belonging to the mechanism is divided into
finite elements. The motion of the mechanism can be thought as
the superposition of the motion of an equivalent rigid-link system
�ERLS� and the elastic motion of the nodes of the finite elements.
Therefore, the free coordinates of the system are the angular po-
sition q of the crank and the vector of the nodal displacements u.
The nonlinear dynamic equations of motions of the system are

�
M MS 0 0

STM STMS 0 0

0 0 I 0

0 0 0 I
��

ü

q̈

u̇

q̇
� = �

M I

STM ST

0 0

0 0
��g

f
�

+ �
− 2MG − �M − �K − MṠ − K 0

ST�− 2MG − �M� STMṠ 0 0

I 0 0 0

0 I 0 0
��u̇

q̇

u

q
� �1�

in which g and f are the vector of gravity forces and the vector of
the external forces, respectively. This dynamic model is nonlinear,
due to the quadratic relation between the nodal accelerations and
the velocities of the free coordinates �see Ref. �8��. Therefore, it
cannot be used as a prediction model for a linear MPC controller.
In order to develop a state-space form linearized version of the
dynamic system, the linearization procedure developed by Gasp-
aretto �9� has been used. From Eq. �1�, the best choice for the state
vector is x= �u̇ , q̇ ,u ,q�T.

The mechanism that has been chosen as the basis of the simu-
lations is made by three steel rods, whose mechanical properties
are described in Table 1 �see Fig. 1�. These three rods are con-
nected on a closed-loop planar chain employing three revolute
joints. The first and the third links �counting anticlockwise� are
connected to a chassis �the fourth link�, which can be considered
perfectly rigid. The rotational motion of the first link can be im-
posed through a torque-controlled electric motor. The whole chain
can swing along the horizontal plane, so the effects of gravity on
both the rigid and elastic motions of the mechanism can be ne-
glected.

The crank and the coupler have been modeled with a single
finite element. For the follower, two finite elements have been

used, since it is the longer one. Increasing the number of finite

JANUARY 2010, Vol. 132 / 014506-1
10 by ASME

E license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



e
h
t
g
d
f
m
s
r
a

p
h
1
t
p
x
o

T
l

Y
F
B
B
M
C
C
F
G
R

0

Downloa
lements will certainly improve the overall accuracy of the model;
owever, this also increases the computational effort required for
he simulations. Each single finite-element link has six elastic de-
rees of freedom, whereas the two finite-element link has nine
egrees of freedom. After putting together the three links on the
rame, and neglecting one of the nodal displacements in order to
ake the system solvable �see Ref. �3��, the resulting flexible

ystem is described by 12 nodal elastic displacements and one
igid degree of freedom. All the nodal displacements are chosen,
s in Fig. 2.

The MPC controller that will be introduced in the following
aragraphs requires for the whole state vector x to be available;
owever, in practical applications it is impossible to measure all
2 nodal displacements �and their time derivatives� belonging to
he state vector. For this reason a Kalman observer has been em-
loyed. This allows to get an estimation of the whole state vector
from measurements of u9, u10, and q. The accuracy of such an

bserver is shown in Fig. 3, where a comparison of the actual and

able 1 Kinematic and dynamic characteristics of the flexible
ink mechanism

Symbol Value

oung’s modulus E 210�109 Pa
lexural inertia moment J 11.102�10−10 m4

eam’s width a 6�10−3 m
eam’s thickness b 6�10−3 m
ass/unit of length of link m 272�10−3 kg /m
rank length L1 0.3728 m
oupler length L2 0.525 m
ollower length L3 0.632 m
round length L4 0.3595 m
ayleigh damping constants � 8.72�10−2 s−1

� 2.1�10−5 s

Fig. 1 The four-link mechanism used for simulations
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Fig. 2 Elastic displacements in the four-link mechanism
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estimated values of nodal displacement u12 is shown as an ex-
ample. The same likeness holds for all the other estimated ele-
ments of the state vector.

3 MPC Control: Numerical Results
In this section a very brief explanation of the employed MPC

controller will be presented. More details can be found in Ref.
�10�. Basically, MPC control law is calculated as an optimization
problem, whose evolution is influenced by both the plant actual
inputs/outputs and its estimated future behavior, which is com-
puted for Hp steps, Hp being the prediction horizon. The optimal
control sequence w�k�, whose length is Hc �i.e., the prediction
horizon� is calculated as the minimum of the cost function V�k�

V�k� = 	
i=1

Hp


ẑ�k + i � k� − r�k + i�
Q�i�
2 + 	

i=0

Hc−1


�ŵ�k + i � k�
R�i�
2

�2�

Q and R are diagonal matrices of weights, while ẑ�k�, ŵ�k�, and
r�k� are the vector of controlled variables, the control variable,
and the reference trajectory, respectively. The weights that have
been used in this work are: �9=0, �10=1�106, and �q=1�104,
which are the weights on nodal displacements u9, u10, and on
angular position q, respectively. Moreover, this minimization
problem is constrained, meaning that some limits can be imposed
on control and controlled variables. Here these inequality con-
straints have been used

− 2 � 10−3 � u10 � 2 � 10−3 �m�

�/36 � q � �/4 �rad�

− 10 � w � 10 �N m�

w being the control variable, i.e., the torque provided by the ac-
tuator. There are other parameters whose values affect the behav-
ior of the MPC controller. They are the prediction horizon Hp, the
control horizon Hc, and the sampling period Ts. The effects of
such parameters can be understood by looking at Figs. 4–10,
where the results of the most meaningful simulations are shown.
All the simulations have been conducted feeding the controller
with a step reference for the angular position of the crank that
moves from � /36 rad to � /4 rad �from 5 deg to 45 deg�. Figure
4 shows the effects of the horizon control Hc, as far as the rigid
rotation q is concerned. It can be seen that Hc affects both the
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Fig. 3 Displacement vibration u12: actual value, observed
value, and error
response quickness and the steady state error.
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At the same time a higher value of Hc improves also the vibra-
ion damping, as it is shown in Fig. 5. However, it must be re-
alled that the longer the horizon control length is, the bigger the
omputational controller requirements become �10�. Therefore, Hc
hould be chosen accordingly to the hardware capabilities and the
equirements on the system behavior.

Figures 6 and 7 show the system performances when the sam-
ling period changes from Ts=1 ms to Ts=10 ms. It is important
o study the effects of the sampling period, proven that the higher
he sampling period is, the lower the hardware computational re-
uirements are, since the online control optimization must be re-
eated at each sampling instant. From the mentioned figures, it
an be observed that the system behavior deteriorates as the sam-
ling period increases. This performance can be imputed to the
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ig. 4 Angular position of the crank q: Hc ranging from 1 to 55.
p=35 and Ts=1 ms.
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observer behavior, which becomes unable to estimate the real sys-
tem state �Fig. 8� when the sampling interval increases.

In Figs. 9 and 10 the effects of the prediction horizon Hp are
shown. In this case, the simulations have been carried out by
supposing that mismatches between the real system and the mod-
eled plant exist. In particular, the first link length has been under-
estimated of a 5%, as well as the masses of all the links have been
underestimated by the same percentage. Moreover, a white noise
has been added to the torque input, and the dynamic behavior of
the electric actuator has been inserted in the system, modeled as a
first order low-pass filter. Finally, a further mismatching between
the commanded and the applied torque has been assumed. In par-
ticular, it is assumed that the voltage-torque gain of the real sys-
tem has been 5% underestimated. The mentioned figures show
that the system robustness can be improved by increasing the
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Fig. 7 Elastic displacement u10: Ts ranging from 1 ms to 10
ms. Hp=35 and Hc=10.
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Fig. 8 Elastic displacement u10: estimation error with Ts rang-
ing from 1 ms to 10 ms. Hp=35 and Hc=10.
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Fig. 9 Non-nominal plant. Angular position of the crank q: Hc

ranging from 35 to 55. Hp=10 and Ts=1 ms.

JANUARY 2010, Vol. 132 / 014506-3

E license or copyright; see http://www.asme.org/terms/Terms_Use.cfm



p
f
b
o
=

4

fl
b
g
d
i
s
f
t
T
p

N

F
i

0

Downloa
rediction horizon Hp. This is a well known result �10�. Therefore,
or the mechanism discussed in this work, a suitable trade-off
etween robustness and hardware computation constraints can be
btained by assuming the following MPC values: Hc=10, Hc
45, and Ts=1 ms.

Conclusions
A high accuracy FEM-based dynamical model of a four-bar

exible link mechanism is presented in this paper. This model has
een employed in a software simulation environment to investi-
ate the effectiveness of the MPC control strategy for vibration
amping in flexible closed-loop planar mechanisms. In order to
mplement the control system, a linearized model of the dynamic
ystem has been developed. The effects of using different choices
or the MPC parameters have been investigated. The robustness of
he proposed control system has been numerically proven as well.
he MPC control appears to be very effective both for reference
osition tracking and vibration suppression.

omenclature
q � angular position of the crank
u � vector of nodal displacements of the ERLS
ui � ith nodal displacement
x � state vector

M � mass matrix
K � stiffness matrix
S � sensitivity matrix
I � identity matrix
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ig. 10 Non-nominal plant. Elastic displacement u10: Hc rang-
ng from 35 to 55. Hp=10 and Ts=1 ms.
g � vector of gravity accelerations
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f � vector of the external forces acting on the
nodes

MG � matrix of Coriolis acceleration contributions
�, � � Rayleigh damping constants

E � Young’s modulus
J � flexural inertia moment
a � width of the link
b � thickness of the link
m � mass/unit of length of link
Li � length of the ith link
k � discrete time variable

w�k� � control variable
z�k� � vector of controlled variables

x̂�k � t� � estimated value of the generic variable x for
the time k obtained from values available at
time t

XT � transpose of the generic matrix X
r�k� � vector of reference values

Ts � sampling time of the MPC controller
Hp � prediction horizon of the MPC controller
Hc � control horizon of the MPC controller

�9, �10, and
�q � weights on u9, u10, and uq, respectively
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