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Padova

Abstract

This paper addresses the issue of reducing the energy consumption

of servo-actuated systems by means of the optimal selection of the elec-

tric motor and of the gearbox from catalogs of commercially available

components. This idea overcomes a lack of literature: on the one hand,

the energy efficiency of these systems is usually tackled through the im-

provement of the efficiency of each individual component rather than on

focusing on a global efficiency goal; on the other one, the methods to se-

lect these components neglect the specific issue of energy consumption,

being usually focused on cost reduction or minimum motor sizing. The

aim of this paper is to propose a model-based design approach for the

energy-optimal concurrent selection of motor, coupling and gearbox in

servo-actuated systems. The method is based on the use of scaling rules,

which are developed to condensate all the relevant characteristics of the

system into just two parameters: the gearbox transmission ratio and the

motor continuous torque at stall. Scaling rules summarize and reveal

the complex relations between the system parameters and energy con-

sumption, and hence are incorporated into the analytic formulation of

the overall energy consumption. The use of these metamodels, that can

be easily obtained from data provided in datasheets, allows casting the

design problem as a constrained optimization problem with just two de-

sign variables. The outlined procedure is completely automatic and does

not require any design iteration. The results, evaluated for two applica-

tion examples, demonstrate the relevant energy savings provided by the

proposed method.

Highlights:

• Energy-optimal design procedure for servo-actuated mechatronic systems

• Use of scaling rules to represent the relevant components from catalogue
data
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• Scaling rules do not affect the accuracy of the energy estimation model

• A significant energy reduction is achieved

• The method is appealing for scientists and industry practitioners

Keywords: energy efficiency; brushless motors; servo motors; mechatronics;

servo motor design; gearbox efficiency; equipment selection; energy optimal

design;

1 Introduction

Servo-controlled electric motors, together with the related power electronic de-
vices and mechanical transmissions, are key components of mechatronic systems,
automatic machines and robots and are ever more adopted in modern industry.
Several studies show that the electric energy absorbed by the electric motors
accounts for up to the 70% of the total energy consumed in the industrial sector
[1, 2]. Therefore, a great effort by motor manufacturers and a great attention
by academic studies have been devoted to enhance the efficiency of of electric
motors and of the auxiliary electronic and mechanical components. This trend
is also boosted by government policies and guidelines supporting the transition
to a ’low-carbon’ industry. The literature reviews in [1, 3, 4], and the references
therein, discuss the most important technological challenges that should be faced
for developing the so-called ’super premium efficient motors’, that mainly in-
clude new design paradigms and new materials. Recently, attention has been
focused on the optimal design of the mechanism to be driven by the motors, by
exploiting lightweight design [5] or springs to accumulate energy [6] or to exploit
resonances in the presence of harmonic motion [7]. Optimal motion planning has
been shown to allow for meaningful energy saving as well [8], without requiring
any physical modification to the servo-actuated system. In contrast, the effect
of the proper sizing of the electric motor and of the mechanical transmission is
often underrated, although the problem of energy increases due to a wrong mo-
tor sizing has been sometimes recognized in the literature [3, 9]. Some studies
have addressed the relation between motor oversizing and energy consumption
for three-phase induction motors [10]. The problem treatment is different and
the difficulties in choosing energy-optimal motors and mechanical transmissions
are even greater in the case of servo-controlled axis where variable-speed motors
(such as brushless or DC motors) are used to track time-varying motion laws
with imposed speed and acceleration profiles. Indeed, besides the motor size, the
transmission ratio (such as the gear ration in the case of speed reducers) has a
considerable impact on the overall energy consumption. Despite this relevance,
the issue of energy-optimal component selection has been not comprehensively
investigated since different goals are traditionally set in designing these systems.

Traditionally designers choose a motor-reducer set by first choosing the speed
reducer from a catalog, according to the estimated characteristics of the load,
and then by choosing the most suitable motor through a sequential approach.
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The selection of the motor and of the transmission ratio is usually aimed at
minimizing the motor size and hence, its purchasing cost. This design philos-
ophy is usually suggested in manufacturers’ datasheet, such as in [11]. This
method is generally supported by simple calculations based on simplified mod-
els that just partially represent the system dynamics. A typical approach is,
for example, to assume a purely inertial load (with constant moment of iner-
tia), as in [12], where the well-known inertia-matching condition is formulated.
Such a condition, that is widely adopted by practitioners and design engineers,
is aimed at maximizing load acceleration for a purely inertial load and with
ideal gearboxes. This design method is rather inefficient, as it requires frequent
trial-and-error iterations starting from the initial choice to reach a feasible de-
sign and to converge towards the most suitable solution. Furthermore, there
are no guarantees of a complete exploration of all the possible solutions. Addi-
tionally, the inertia-matching condition is usually inefficient in term of energy
consumption [13]. The assumption of ideal components is also adopted in
more recent papers. For example the paper [14] assumes ideal gearboxes and
a very basic description of the motor’s speed-torque characteristic curve. The
work [15] is also worth of mention: it proposes a method for the simultaneous
choice of both gearbox and motor in the case of purely inertial loads and by
assuming a simple motor characteristic curve. The extension of this work to
a generic load is provided in [16], by assuming again a simplified motor model
with a rectangular operative range. Multi-criteria selection methods have been
adopted as well to accomplish more elaborate design objectives. The work [17]
proposes a method for the choice of the motor and the reducer, starting from
information extracted from datasheets, which are used to choose a set of pos-
sible candidates for the design. The procedure then eliminates the unsuitable
components, leaving the final choice to the designer according to the chosen
metric (e.g. size, cost, weight) to be favored. The proposed procedure however
does not lead to the definition of an optimal gear ratio, and the effect of the gear
ratio on the properties of the transmission is neglected. The work [18] focuses
on the optimal selection of the six motors of an industrial robot. The result
is an optimal design, obtained through a multi-criteria optimization aimed at
minimizing the energy consumption, tracking error and motor weight. Given
the complexity of the modeling and the large number of constraints, the optimal
design is achieved by a genetic algorithm. As in other works, the description
of the motors operative range is limited to a rectangular shape, and the choice
of the reducers is not performed by the algorithm. Additionally, a simplified
model of the energy consumption is assumed.

A comprehensive method for the design optimization of a motor-reducer
set is developed in [19]. Such a method casts the selection from discrete
catalogs as a continuous optimization problem, by interpolating the parameters
made available by the motor catalogue on the basis of a so-called ’size index’,
and by interpolating the reducers parameters on the basis of the gear ratio.
Interpolation is therefore used to transform a discrete set of components into
a continuous one, easing the numerical optimization problem that drives the
design.
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The idea of using continuous functions to represent catalogues in the design
of a servo-controlled axis is also proposed by Richiedei in [20]. Compared to
[19], a more comprehensive approach is proposed, by exploiting the concept of
scaling rules introduced in [21], instead of the simpler interpolations adopted in
[19]. The use of scaling rules allows representing the scaling of the gearbox and
motor properties in a complete way, by means of two driving parameters: the
gear ratio and the continuous torque at stall of the motor. This formulation
leads to the concurrent optimal design of the speed reducer, the motor and the
mechanical coupling, to minimize the RMS (Root Mean Square) motor torque,
and therefore the motor size and its purchasing cost.

The idea proposed in [20] is revisited and extended in this work with the
goal of finding the optimal combination of motor and gearbox to reduce the
energy consumption. Several scaling rules are proposed and validated with the
experimental data provided by by manufacturers in datasheet and adopted in
a comprehensive model that estimates the electric energy required to perform a
cyclic task, while accounting for losses in the whole system. A novel method to
perform energy optimal design of the servo-actuated system is then formulated.
While the ’minimum motor sizing’ in [20] is the ’cheapest initial cost’ solution,
the ’energy-optimal sizing’ proposed here minimizes the energy cost and impact,
leading to a cheaper operation in the long run. Two examples on the use of this
novel design approach are proposed in the paper, referring to a constant and to
a variable inertia load.

2 System modeling: mechanical model

The system under investigation is composed by cascading an electric motor, a
coupling, a gearbox and a rotating load, as shown in figure 1. Such a model can
represent several automatic machines and mechatronic systems, and therefore
can be applied to various industrial fields.

Figure 1: Model of the system

The speed of the motor shaft is ϑ̇m, while the speed of the load shaft is ϑ̇l.
The torque provided by the motor is referred to as Tm, while the external torque
applied to the load shaft is Te. Friction forces on the motor side are included
too. The inertial properties of the system are represented by the moments of
inertia Jm, Jc, Jr and Jl, which are the moment of inertia of the motor, of the
coupling, of the gearbox and of the load, respectively. The gearbox moment of
inertia is the reflected moment of inertia as measured on its input side, according
to the common convention.
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The speed reduction implemented by the gearbox is represented by the trans-
mission ratio τ :

τ =
ϑ̇l

ϑ̇m

=
1

i
(1)

Equation (1) also shows that the transmission ratio τ is the reciprocal of the
gear ratio i. The gearbox efficiency is represented by the generalized efficiency
η(t), which is in practice hardly described by a constant value, due to the
uneven power transmission shown according to the power flow direction. Direct
efficiency ηd represents the efficiency of the gearbox when the power flows from
the motor to the load, while reverse efficiency ηr accounts for the opposite power
flow direction. This asymmetry is represented by the the discontinuous function:

η(t) =











ηd if
(

Te + Jlϑ̈l + kf ϑ̇l

)

ϑ̇l > 0 (direct power flow)

1

ηr
if

(

Te + Jlϑ̈l + kf ϑ̇l

)

ϑ̇l < 0 (reverse power flow)
(2)

Equation (2) shows how the value of η is parametrized by the sign of the
power flow to the load: when it is negative, the load is providing positive me-
chanical power to the system and the motor acts as a brake. The torque contri-
bution that appear in eq.(2) can be condensed in a single term, usually denoted
T2:

T2(t) = Te(t) + Jlϑ̈l(t) + kf ϑ̇l(t) (3)

In this case T2 is composed by an inertial term, a viscous friction term
(modeled through the load-side viscous friction coefficient kf ), and the external
torque Te(t), that can be either constant or time-varying. The profile of T2(t)
can be computed from the load speed and acceleration profiles. More generally,
T2 can be any arbitrary load torque, that might be related, for example, to the
case of a variable inertia load. A common technique to model a variable inertia
load is to use the concept of reflected inertia, so that the torque required to
actuate a single degree-of-freedom multibody system can be computed by using
the Lagrangian model:

T2(t) = Jeq
l (ϑl)ϑ̈l(t) +

1

2

dJeq
l

dϑl
ϑ̇2
l (t) + Te(t) (4)

The reflected inertia measured on the load side, Jeq
l (ϑl), can be computed

as the sum of all the inertias multiplied by the square value of the sensitivity
coefficients that relate the displacement of the i-th mass and the i-th moment
of inertia to the displacement ϑl:

Jeq
l (ϑl) =

∑

i

mi

(

∂pi
∂ϑl

)2

+ Ji

(

∂ϕi

∂ϑl

)2

(5)

5

This is a pre-print of the article: P. Boscariol, D. Richiedei

Energy optimal design of servo-actuated systems: a concurrent approach based on scaling rules

Renewable and Sustainable Energy Reviews, Volume 156, March 2022, 111923

https://doi.org/10.1016/j.rser.2021.111923



where the sensitivity coefficient
∂pi
∂ϑl

relates the absolute displacement of the

center of mass of the i-th body with the angular displacement ϑl, while
∂ϕi

∂ϑl
relates the angular displacement of the i-th body with the displacement ϑl. Each
Ji is the barycentric moment of inertia of the i-th body. The reflected torque
Te(t) can be computed by reflecting all the external forces, enumerated as Fj ,

through the sensitivity coefficients
∂sj
∂ϑl

that relate each Lagrangian displacement

sj with the angular displacement of ϑl as:

Te(t) =
∑

j

Fj
∂sj
∂ϑl

(6)

3 Motor power consumption estimation

The aim of this section is to define an analytic expression of the energy con-
sumption of the motor-coupling-gearbox-load: such a formulation will then be
used to drive the system design optimization. When obvious, explicit time de-
pendency is not shown in the formulas that will follow, to provide an easier to
read formulation.

The dynamic model of the servo-actuated system already shown in Fig.1
can be written as a torque balance equation. The motor needs to provide the
torque Tm(t) to compensate for its own inertia, as well as for the inertias of
the coupling Jc and of the gearbox, Jr. Static and viscous friction torques
acting on the motor shaft, represented as Tf and kvϑ̇m(t), respectively, are
considered as well. Finally, the reflected valued of the load torque T2(t) needs
to be compensated as well. The motor must therefore provide the following
instantaneous torque:

Tm = (Jm + Jr + Jc)
θ̈l
τ

+ kv
θ̇l
τ

+ Tf + τ
T2

η
(7)

The electric power flow to the motor can be modeled by an equivalent DC
motor, according to the well known Park’s direct-quadrature-zero transforma-
tion [22], following the procedure used in other works such as [23, 24, 25]. Such
a simple model can be used to describe not only DC motors, but also brushless
motors, and with some modifications, to single-phase and three-phase induction
motors [26].

The voltage drop across the motor windings can be computed as:

V (t) = RI(t) + kbϑ̇m(t) + L
dI(t)

dt
(8)

in which R and L are the equivalent resistance and the inductance, respec-
tively, of the motor windings and kb is the motor back-emf constant. Motor
current I(t) is proportional to the exerted torque through the torque constant
kt:
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Tm(t) = ktI(t) (9)

The electric power drawn by the electric motor can be computed as the
voltage-current product:

Pm(t) = V (t)I(t) (10)

The time integral of the electric power, defined over the time frame [0, T ],
defines the motor energy absorbed during a working cycle lasting T . Using
equations (8-10), the latter can be written as:

Em =

∫ T

0

V Idt =

∫ T

0

RI2dt+

∫ T

0

kbθ̇mIdt =
R

k2t

∫ T

0

T 2
mdt+

kb
kt

∫ T

0

θ̇mTmdt

(11)
Equation (11) does not include the inductance term L, since it does not affect

the energy dissipation [8]. The first of the two terms in eq.(11) is the energy
due to Joule losses Em,joule, while the second one is the energy consumption
due to mechanical losses Em,mech:

Em = Em,joule + Em,mech (12)

Em,joule is computed through the square value of the RMS motor torque as:

Em,joule =
R

k2t

∫ T

0

T 2
mdt = T

R

k2t
(Tm,RMS)

2 (13)

The square value of the motor RMS torque can be computed using eq.(7),
in which the inertia contributions at the motor shaft are collected into the total
equivalent inertia, J1, as J1 = Jm + Jr + Jc:

T 2
m,RMS =

(

J1
θ̈l
τ

+ τ
T2

η
+ kv

θ̇l
τ

+ Tf

)2

RMS

(14)

The term Tm is, according to eq.(14), written as the sum of four terms, and
therefore its square RMS value can be written as a combination of RMS values
and mean values:

T 2
m,RMS =

(

J1θ̈l
τ

)2

RMS

+

(

τ
T2

η

)2

RMS

+

(

kv
θ̇l
τ

)2

RMS

+ Tf
2
RMS

+2

(

J1θ̈lT2

η

)

mean

+ 2

(

J1kv θ̇lθ̈l
τ2

)

mean

+ 2

(

J1θ̈lTf

τ

)

mean

+2

(

T2kv θ̇l
η

)

mean

+ 2

(

τT2Tf

η

)

mean

+ 2

(

kv θ̇lTf

τ

)

mean

(15)
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Now, by using eq.(13), the energy dissipated by the motor through Joule
losses can be computed as:

Em,joule = T
R

k2t

[

J2
1

τ2

(

θ̈l,RMS

)2

+ τ2
(

T2

η

)2

RMS

+
k2v
τ2

(

θ̇l,RMS

)2

+ T 2
f

]

+T
R

k2t

[

2J1

(

θ̈lT2

η

)

mean

+ 2
J1kv
τ2

(

θ̇lθ̈l

)

mean
+ 2

J1Tf

τ
θ̈l,mean

]

+T
R

k2t

[

2kv

(

T2θ̇l
η

)

mean

+ 2τTf

(

T2

η

)

mean

+ 2
kvTf

τT
h

]

(16)

This expression becomes simpler for a rest-to-rest motion, given that the
mean values of both ϑ̇lϑ̈l and ϑ̈l are equal to zero:

∫ T

0

ϑ̇lϑ̈ldt = 0 (17)

∫ T

0

ϑ̈ldt = 0 (18)

For a rest-to-rest motion, therefore, the first term of the energy consumption
can be written as:

Em,joule = T
R

k2t

[

J2
1

τ2

(

θ̈l,RMS

)2

+ τ2
(

T2

η

)2

RMS

+
k2v
τ2

(

θ̇l,RMS

)2

+ T 2
f

]

+T
R

k2t
2J1

(

θ̈lT2

η

)

mean

+T
R

k2t

[

2kv

(

T2θ̇l
η

)

mean

+ 2τTf

(

T2

η

)

mean

+ 2
kvTf

τT
h

]

(19)

The energy consumption due to mechanical losses takes a simpler form:

Em,mech =
kb
kt

∫ T

0

θ̇mTmdt =
kb
kt

1

τ

∫ T

0

θ̇lTmdt (20)

Again, using eq.(7), the mechanical energy loss is:

Em,mech =
kb
kt

1

τ

[

J1

∫ T

0

θ̇lθ̈l
τ

dt+ τ

∫ T

0

T2

η
θ̇ldt+

kv
τ

∫ T

0

θ̇l
2
dt+ Tf

∫ T

0

θ̇ldt

]

(21)
The term

∫

ϑ̇lϑ̈ldt is equal to zero for a rest-to-rest motion. Eq.(21) can

be therefore rewritten by recognizing the mean value of T2ϑ̇l/η, the square
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RMS value of the load speed, and the constant term proportional to the overall
displacement of the load, h, as:

Em,mech = T
kb
kt

(

T2θ̇l
η

)

mean

+ T
kb
kt

kv
τ2

θ̇2l,RMS +
kb
kt

Tf

τ
h (22)

The model of the motor energy consumption can be further refined to take
into account the effects of the motor driver as well, by introducing its efficiency,
thus providing a more accurate estimation of the actual energy drawn from the
electric distribution system, as:

Etot = ηdriver (Em,joule + Em,mech) (23)

In principle, eq.(23) could be adopted to find the optimal transmission ratio
that minimizes the energy consumption by considering Etot as just a function
of the parameter τ , whose optimal value can be found as the solution to the
equation:

RT

(

T2

η

)2

RMS

τ4 + 2TRTf

(

T2

η

)

mean

τ3

+T

[

2J1R

(

ϑ̈lT2

η

)

mean

+ (2Rkv + kbkt)

(

ϑ̇lT2

η

)

mean

]

τ2

+hTf (2Rkv + kbkt) τ + T

[

RJ2
1

(

ϑ̈l,RMS

)2

+ (Rkv + kbktkv)
(

ϑ̇l,RMS

)2
]

= 0

(24)

In practice, such a formula cannot be adopted since it requires the knowledge
of many parameters which, actually, depend on τ . Hence, the computation of
the derivative dEtot/dτ should consider the effect of τ on all the parameters.
This problem could be tackled by iterating the design; however, iterative or
combinatorial approaches have very small chances of meeting the optimal design
due to the problem complexity.

Usually the gearbox size is chosen first, and then the choice of the motor is
performed together with the transmission ratio. The resulting design is checked
for feasibility and, when needed, the design procedure is iterated to search for a
better option [27]. This commonly performed procedure has some limitations:
first of all, a sequential choice of the gearbox and of the motor is not always
the best option, since the motor characteristics are unknown when choosing the
reduction gear ratio. Another limitation is that this design procedure is not
explicitly tailored for energy minimization, as the common design objective is
the minimization of the motor size (and cost).

To find a feasible and optimal design in a clear, quick and efficient manner,
the number of variables that appear in equations (13,21,23) must be reduced.
The next section will highlight how scaling rules can be defined to model each
component of the system and then how they can be used to express the overall
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energy consumption according to just two ’governing parameters’: the motor
continuous torque at stall, TCS , and to the transmission ratio τ .

4 Use of scaling rules

4.1 Introduction to scaling rules

The aim of this section is to provide a basic introduction to the use of scaling
rules for the design of a servo-actuated system, and to show the development of
the scaling rules for all the elements involved in the design of the system under
investigation.

Scaling rules (or scaling laws, equivalently) are metamodels representing
the functional relationship that occurs between two physical quantities that
scale over each other. Scaling rules allow simplifying the task of finding the
relationship between some physical parameters of a given object, that can be
very useful when physics-based models are of impractical use for their complexity
or they are unavailable [21].

The use of scaling rules in a design problem can be very advantageous since
it allows reducing the number of design parameters needed to capture the phe-
nomena under investigation. The method of scaling rules is rooted into Buck-
ingham’s theorem [28, 29], which states that a physical equation involving n
parameters and k physical dimensions can be rewritten in terms of p = n − k
parameters, usually indicated as π1, π2, . . . , πp. The usefulness of Buckingham’s
theorem lies not only on the reduction of the number of parameters involved in
the description of some physical quantity, but also in the capability of comput-
ing such set of parameters even if the underlying physical model is unknown. It
should be pointed out also that, in general, the choice of the set of parameters is
not unique, so the user can sometimes choose one set of parameters over another
just for convenience. Therefore, one quantity can often be expressed by more
than one scaling rule without any loss in accuracy.

The use of scaling rules as a powerful tool for the analysis, the design and the
optimization of electromechanical devices follows a well-established tradition, as
several examples can be found in literature, with applications to robotic systems
[30, 31], motors [32, 33], reduction gears [32, 34] and other devices, such as
drones [35] or gas turbines [36], just to cite few examples.

As far as the development of scaling rules is concerned, they can be inferred
from analytic relations as well as from experimental data: in this work the two
methods are, when possible, combined. In the absence of a tractable analytic
model, the primary source of evaluation (and validation) of the scaling rules
is the experimental data contained in manufacturer’s catalogs, which represent
an invaluable sources of data for the designers. The analysis proposed in the
following will involve the four main components of a servo-motor unit, i.e. the
motor, the gearbox, the coupling and the motor drive.
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4.2 Motor scaling rules

4.2.1 Motor moment of inertia

The scaling of the motor moment of inertia can be performed, as suggested
by Budinger et. al. in [37], using the nominal motor torque as the reference

parameter, so that Jm ∝ T
5/3
m . Nominal motor torque is, again as suggested in

[21], proportional to the mass, which, in turn is proportional to the third power
of the colorredadimensional ratio l∗ (defined as the ratio between the actual
motor length and a reference motor length), and inertia is proportional to l∗5, if

rotor radius and lengths have the same scaling. Therefore, Jm ∝ T
5/3
m . Actually,

the value assumed by the nominal motor torque depends on the choice of the
rated speed that can be different for motors with the same size (and hence
equal Jm); therefore, the relation should be corrected to account for such a
speed. A more effective representation, that does not depend neither the choice
of the rated speed, nor on other speed constraints, is provided if the governing
parameter is the motor continuous torque TCS [20] at stall (i.e. at zero speed):

Jm = amT
5/3
CS (25)

The parameter TCS is available in every manufacturer’s catalog, and can
be used to rank the size of the motor. This scaling rule, as well as the other
ones that will be presented in Section 4.2, are tested against the experimental
data provided by the manufacturer Kollmorgen, referring the brushless motors
belonging to the ’AKM’ family (having 400 V excitation), which are available
through the manufacturer’s webpage www.kollmorgen.com. The set of motors
taken into consideration includes include 59 motors with nominal sizes ranging
from 0.84 Nm to 25.03 Nm. Other groups of motors and other manufacturers
can be chosen as well without altering the notation, as the data representation
in catalogs is quite consistent among different manufacturers.

The value of the proportionality constant am in eq. (25) is found by inter-
polation of such data, using a least square routine. The value am = 1.9657 ·

10−5 kgm1/3

N provides a very good fit, as the correlation coefficient is found to be
R = 0.9858. A direct comparison between the theoretical fit and the actual data
is shown in Figure 2: the red line is the value of the fitting function according
to eq (25), the black circles are the data extracted from the catalog.

4.2.2 Motor constant

Rather than developing a separate scaling rule for the equivalent armature resis-
tance, R, and for the torque constant kt, a simpler and more precise scaling rule
can be developed for the ratio R/k2t , which appears in eq. (13). The inverse of
this ratio, k2t /R, is often referred to as the square value of the ’motor constant’
kM . In [38], it is shown that the motor constant can be parametrized by the
gap radius, i.e. the radial measure of the air gap between rotor and stator. In
particular, the ratio k2t /R is proportional to r3gap. On the other hand, always
according to the same source, the motor inertia is proportional to the third
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Figure 2: Motor inertia: scaling rule vs. actual data

power of rgap: Jm ∝ r3gap. Hence, R/k2t can be parametrized using the same
’five-third’ proportionality to TCS already highlighted for the motor inertia in
eq.(25):

R

k2t
=

aRkt

T
5/3
CS

where aRkt is the proportionality constant. The application of the proposed
scaling rule to the catalog data leads to the almost unitary correlation coefficient

R = 0.9999 obtained by setting aRkt = 36.1225 ΩA2

Nm1/3 , hence proving the
accuracy of this scaling rule. The fitting is shown in figure 3.

The fact that as TCS increases, the ratio R/k2t decreases with the same trend
of the increase of Jm, has a relevant impact on the motor energy consumption.
Motors with high TCS must provide more torque to compensate for their higher
inertia, but the effect of such high torques on the energy consumption is coun-
terbalanced by a smaller armature resistance and a smaller ratio R/k2t .

0 5 10 15 20 25 30

0

10

20

30

40

50

Figure 3: Ratio R/k2t : scaling rule vs. actual data

A second ratio is to be evaluated: the value of the ratio between the back-
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emf constant and the torque constant, kb/kt, that is required to compute the
mechanical energy loss according to eq.(21). Such a ratio depends on the motor
type and on its excitation, and it is independent from the motor size. Hence,
no specific scaling rules are needed here.

4.2.3 Motor friction

The power dissipation in a brushless motor due to friction takes place mostly
in the ball bearing used to counteract the forces acting on the motor shaft.
Another source of mechanical dissipation is due to windage losses, which are
caused by the friction between the rotor and the surrounding air. The modeling
of such a loss is rather complex, since it involves the determination of the correct
Reynold number according to the air flow conditions as well as other parameters
whose estimation is not possible without a detailed model of the motor under
consideration [39]. Given that the rotor surface in a brushless motor is quite
smooth and has a cylindrical shape, such windage losses can be estimated to be
rather small.

There is a general consensus on modeling friction torque in roller bearings
as a speed-dependent phenomenon, as testified in several works such as [40, 41].
Such speed-dependence is usually described through a static friction torque and
a constant viscous friction coefficient. More complex models can be used [42],
but given the difficulty of providing a truly accurate description of friction under
wildly varying conditions, the two terms model friction seems accurate enough.
Moreover, the manufacturer’s datasheets that are used as a reference in this
work provide, at most, friction data as a Coulomb torque, Tf , and a viscous
friction coefficient kv.

Friction losses in ball bearings are directly proportional to the load acting on
them [43]: in a well-designed application the motor bearing should counteract
the weight of the rotor and the inertial forces due to the rotor unbalance, which
can be traced back to the rotor moment of inertia. Since the latter is, as shown

in eq.(25), proportional to T
5/3
CS , static friction is reasonably obeying to the same

scaling law. The following scaling law is therefore proposed for the static friction
torque:

Tf = atT
5/3
CS + bt (26)

The constant term bt is added to provide a better fit for smaller size motors.
Fitting the available data with the law in eq.(26) provides a correlation coeffi-
cient R = 0.9847 for at = 8.4951 · 10−4 Nm−2/3 and for bt = 0.0130 Nm, and
the comparison between the actual and the fitted data is shown in figure 4.

Viscous friction in ball bearings is only slightly influences by the load [41],
being mostly affected by the viscosity of the lubricant medium. Nonetheless,
the data available in the manufacturer’s datasheet show a direct proportionality
between the viscous friction coefficient kv and the motor size, that is well fitted
by the linear scaling law:

kv = avTCS (27)
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Figure 4: Motor static friction torque Tf : scaling rule vs. actual data

The fitting of the scaling rule to the manufacturer’s data is shown graphically
in fig. 5: the correlation coefficient is R = 0.9792 for av = 3.815 · 10−5 s/rad.
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Figure 5: Motor viscous friction constant: scaling rule vs. actual data

4.2.4 Continuous torque limit

The characteristic curve of a brushless motor is usually represented as shown in
fig. 6. The diagram in fig. 6 highlights two main areas: the intermittent zone
and the continuous zone. The first one is upper bounded by the peak stall torque
TPS up to the knee speed ωk, and then by the tension limit up to ωm,max, which
is the absolute maximum speed of rotation of the motor shaft. The intermittent
zone is then lower bounded by a speed-dependent continuous torque limit that
is equal to TCS at stall, and decreases with speed. This torque limit is usually
approximated as a straight line with a negative slope. The intermittent zone
represents the working conditions that the motor can withstand for short time
intervals. As for the continuous zone, shown in gray color in fig. 6, the motor
can operate within such an area for infinite time without exceeding the limit
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temperature.

Figure 6: Brushless motor characteristic curve

The negative slope of the TCS limit as a function of the motor speed is here
denoted by the symbol δ and inferred from the motor characteristic curve as:

δ =
TCS − TCR

ωR
(28)

Hence, the speed-dependent continuous torque limit can be expressed as:

TC(ϑ̇m,RMS) = TCS − δϑ̇m,RMS (29)

Since the values of TCS and TCR are available in all motor datasheets, δ can
be easily estimated from manufacturer’s data.

The parameter δ can be also represented through a scaling rule as a function
of the main motor sizing parameter, TCS . Observing the data taken from the
manufacturer’s catalogs, δ appears to be directly proportional to the motor size,
since the losses in the motor and the viscous friction coefficient increase almost
linearly with the magnetic induction [44, 20]. As such, the following scaling rule
is proposed:

δ = aδTCS (30)

This scaling rule provides a good fit with the experimental data supplied in
the catalogue adopted in this work as shown in figure 7. The optimal fitting is
found for aδ = 7.8268 · 10−4 s/rad, with a correlation coefficient R = 0.9690.

4.2.5 Motor minimum size

The minimum sizing of the motor is defined by taking into account the char-
acteristic curve of the motor, which is usually shaped as in fig. 6 for brushless
motors and DC motors.

Motor sizing for non-intermittent operation is based on the just discussed
continuous torque limit TC(ϑ̇m), and the following inequality must hold [20]:

TC(ϑ̇m,RMS) ≥ αsTm,RMS (31)
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Figure 7: δ: scaling rule vs. actual data

where αs is safety factor (greater than 1 and usually no smaller than 1.2
[20]), Tm,RMS and ϑ̇m,RMS are the RMS value of the motor torque and speed
respectively, to be computed as follows:

Tm,RMS =

√

∫ T

0
T 2
m(t)dt

T
(32)

ϑ̇m,RMS =

√

∫ T

0
ϑ̇2
m(t)dt

T
(33)

Using equations (29,30) in eq.(31) returns the minimum sizing of the motor,
according to the motor RMS speed and torque as:

TCS,min =
1

αs

Tm,RMS

1− αδϑ̇m,RMS

(34)

4.3 Gearbox scaling rules

The relevant parameters of the gearbox are the transmission ratio τ , the gearbox
moment of inertia Jr, and its efficiency, η.

4.3.1 Gearbox moment of inertia

In [21, 37] it is suggested that the moment inertia of a planetary gearbox can be
represented by relating it to the nominal torque that the gearbox can withstand.
This is assumed according to the principle that a gearbox is designed by focusing
on mechanical stress, which must be kept below elastic or fatigue limits [45].
Hence, the gearbox inertia can be related to the five-third power of its nominal
torque. In [20], and further corroborated in this work, it is shown that the
gearbox inertia should be related to the reduction ratio τ too, since the desired
gear ratio is set by setting the proper number of teeth for each element of the
transmission. Again, the number of stages should be accounted for as well.
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The relation between Jr and τ is the most important to be accounted for,
given the goal of this work. Indeed, the required rated torque of the gearbox is
computed at the early stages of the design, regardless of the selection of τ and of
the motor, on the basis of the desired motion of the load and the estimated load-
side external forces [20]. Additionally, manufacturers usually supply gearboxes
with similar values of the rated torque, with different gear ratio. Hence, when
τ and the motor are to be chosen, the size (i.e. the rated torque) of the gearbox
has been already identified. If gearboxes with the same size (i.e. with almost
identical rated torque) are considered, the gearbox moment of inertia can be
related to τ by the following scaling rule:

Jr = ar + brτ
cr (35)

in which the coefficients ar, br and cr are coefficients to be obtained through a
proper fitting of the experimental data provided by manufacturers. If gearboxes
with different number of stages are considered, the scaling rule is a discontinuous
function of τ and Eq.(35) is locally defined for a specified number of stages.

Looking at the technical data from the gearbox manufacturer’s catalogue
[11] assumed as the test case, it can be noticed the that within the same size,
among all 7 sizes available, all the single stage reducers have the same mass,
but they vary in moment of inertia as τ changes; the same applies to double-
stage reducers. This scaling rule has been tested for several gearbox sizes: the
results for the SP100+ MF and for the SP140+ MF sizes is shown in figure 8.
The scaling parameters must be defined by distinct values for each size and for
each configuration, i.e. for single and for dual stage gearboxes. The fitting for
SP100+ MF gearboxes provides the following values:

ar1 = 8.1339 · 10−4 Nm; br1 = 8.4378 · 10−4 Nm;

for single stage gearboxes, and the following ones for two-stage reducers:

ar2 = 1.6720 · 10−4 Nm; br2 = 4.6258 · 10−4 Nm;

all being evaluated by setting cr = 1. In the first case the correlation co-
efficient is R = 0.9790, in the second case a similar correlation coefficient is
found: R = 0.9667. Focusing on the bigger size, i.e. on SP140+ MF, the scaling
parameters for single and dual stages configurations are:

ar1 = 2.1491 · 10−3 Nm; br1 = 2.2547 · 10−3 Nm;

ar2 = 8.7681 · 10−4 Nm; br2 = 2.1929 · 10−3 Nm;

Again, such coefficients have been evaluated for cr = 1, and the respective
correlation coefficients are R = 0.9805 and R = 0.9550. The good accuracy
of the scaling rule is shown graphically in figure 8 for all four groups under
consideration.
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Figure 8: Gearbox inertia: scaling rule vs transmission ratio τ

4.3.2 Gearbox efficiency

As far as the gearbox efficiency is concerned, the datasheet provide just two
values of estimated direct efficiency that apply to either single or dual stage
ones. This data suggest that the efficiency is not affected by the transmission
ratio, or at most the data used to compute η shows a minor dependence on
τ . Therefore the efficiency must be modeled solely focusing on the number of
stages.

The gearbox catalogs do not provide any information on reverse power flow
efficiency, therefore the following commonly used formula [46, 20] is a adopted
to estimate reverse power flow efficiency from the direct one:

ηr = 2−
1

ηd
(36)

The following typical efficiency values are provided in the catalogue under
consideration:

ηd = 0.97 for single-stage reducers (37)

ηd = 0.94 for dual-stage reducers (38)

4.4 Scaling rule of the coupling

The sizing of the coupling that connects the motor and the gearbox input shaft
should be performed to ensure that the coupling can withstand the peak torque
to be transmitted. The peak torque acting on the coupling can be estimated
as the maximum value of the torque acting the high-speed shaft, T1. Therefore
the sizing rule for the choice of the coupling can be written as:

Tkn ≥ max|T1|fks (39)

where fks is the so-called shock factor, a safety coefficient that accounts for
the shocking or impulsive characteristic of the load, and Tkn is the coupling
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rated torque, which is found on manufacturer’s catalogs. The maximum value
of T1 can be estimated as the peak value of the load torque plus the maximum
value of the inertial load, as in the formula:

max|T1| ≈
Tmax
2

η
τ +

Jrϑ̈
max
l

τ
(40)

Since larger couplings are needed to withstand larger torques, the moment of
inertia of the coupling Jc increases with the peak torque Tkn with the following
scaling rule:

Jc = acT
bc
kn (41)

The theoretical value of bc is equal to 5/3: indeed, the axial moment of
inertia of a cylindrical element, as the coupling usually is, is proportional to the
fifth power of its radius, while its resistance to torsional loads is proportional to
the third power of its radius.

Combining equations (41) and (40) provides the scaling rule of the coupling
moment of inertia as:

Jc = acf
5/3
ks

(

Tmax
2

η
+

Jrϑ̈
max
l

τ

)5/3

(42)

This scaling rule has been used to fit the data available from the datasheet
of the BKL series coupling provided by the manufacturer R +W America and
available in [47], focusing on a wide range of sizes that spans rated torque values
in the 2 to 500 Nm range. The fitting according to the 5/3 power of Tkn, as
defined in eq.(39), provides a very good accuracy, as shown in figure 9 and as
testified by the almost unitary correlation coefficient R = 0.9983 obtained by

setting ac = 4.2707 · 10−7 kgm2

Nm5/3 .
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Figure 9: Coupling inertia: scaling rule vs maximum torque load Tkn
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4.5 Scaling of the motor driver efficiency

The overall energy consumption of the system is affected also by the dissipa-
tion in the motor drive circuit. The motor drive circuit is composed by two
main elements: a three-phase rectifier and a three-legged half-bridge inverter.
Modeling their efficiency is a complex task, which is in this case exacerbated by
the lack of specific technical data from the manufacturer’s datasheet. A simple,
but still effective model is therefore needed. A basic solution is to take into
account a constant efficiency ηdriver, as commonly done when specific data are
unavailable [8]. A more detailed model can be inferred by taking into account
the dependency of ηdriver on the load and by accounting for both rectifier losses
and inverter losses. As shown experimentally in [48], the efficiency of the recti-
fier is strongly affected by the load, according to a law that can be approximated
by an exponential, which can be used to represent the wide variation from the
very low efficiency at light loads to the almost unitary efficiency at full load.

Inverter losses are more mildly affected by the load, but they follow a similar
trend [49]. Accordingly, the efficiency of the load can be be parametrized by
the drive load rate λdr, defined as the ratio between its actual current output
and its maximum current output rating:

ηdriver = ηmax (1− exp(σdrλdr)) (43)

This model can be easily used to fit any typical driver efficiency curve: by
choosing ηmax = 0.95 and σdr = 10, the resulting load-dependent efficiency is
shown in figure 10. The driver efficiency is very poor for light loads, but as soon
as the load rate reaches 25%, ηdriver is larger than 85% and at maximum load
it is equal to the reasonable figure of 95%.
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Figure 10: Estimated driver efficiency

The efficiency of drives is generally maximum when the current provided
to the motor is close to their nominal current rating. Taking into account
this efficiency model over a simpler constant efficiency has the advantage of
discouraging the choice of oversized motors and drivers, which would operate at
light loads and therefore far from their energy-wise optimal rating. An oversized
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motor is one for which its size is larger than the one required by the application.
Since motor size is primarily dictated by the continuous service torque TCS , and
assuming that the motor driver is properly sized for the motor which he drives,
the duty cycle of the driver can be represented by the TCS,min/TCS ratio, being
TCS,min the minimum allowed motor size for the application. Equation (34) can
therefore be used to estimate the load rate of the motor driver, λdr, as:

λdr =
TCS,min

TCS
=

αsTm,RMS

TCS

(

1− αδ θ̇l,RMS/τ
) (44)

This equation completes the definition of the scaling rules of all the relevant
components of a servo-actuated system: all the scaling rules refer either to the
motor continuous torque TCS or to the gear ratio τ . Therefore, a complete
parametrization of the design by just two values has been developed.

5 Energy-optimal design procedure

5.1 Formulation of the energy consumption

The reduction of design parameters to just TCS and τ can now be exploited to
express the overall energy consumption, as captured by equations (19-22-23), in
term of them. Using the several scaling rules provided in Section 4 into eq.(23)
leads to the following expression of the motor electric consumption:

Em(TCS , τ) =

[(

T2ϑ̈l

η

)

mean

+ 2J1 + τ2
(

T2

η

)2

RMS

+
(

atT
bc
CS + bt

)2

+
J1
τ2

ϑ̈2
l,RMS + 2avTCS

(

T2ϑ̇l

η

)

mean

+ 2τ
(

atT
bc
CS + bt

)

(

T2

η

)

mean

+
a2vT

2
CS + ϑ̇2

l,RMS

τ2
+

2av TCS

(

atT
bc
CS + bt

)

τ T

]

T akt
T bc
CS

+

[

h τ
(

at T
bc
CS + bt

)

+ T

(

T2ϑ̇l

η

)

mean

+ av T ϑ̇2
l,RMSTCS

]

kb
kt

1

τ2

(45)

with:

J1(τ) = ar + brτ + T bc
CSam + ak

(

(

T2

η

)

τ +
ϑ̈l,max

τ
(ar + brτ)

)bc

(46)

To include the effect of the load-dependent driver efficiency too, eq.(44)
should be used in eq.(23), leading to the following expression of the overall
energy consumption:
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Etot(TCS , τ) = ηmax



1− exp
σdrαsTm,RMS

TCS

(

1− αδ θ̇l,RMS/τ
)



Em (TCS , τ) (47)

The overall energy consumption is, again, a function of the two sizing param-
eters TCS and τ , and of several size-independent scaling factors and constants
taken from the catalogues. Hence, Etot = Etot(TCS , τ) can be evaluated, plot-
ted and optimized within a complete sizing procedure, as shown in detail in the
next section.

5.2 System sizing procedure

The energy-optimal, concurrent choice of motor, coupling and gearbox according
to the method proposed in this paper, requires, first of all, the analysis of the
component catalogues to define the scaling rule constants. This analysis can be
performed according to the models presented in section 4 and through standard
least-square data fitting routines. Then the steps to be followed to produce an
energy-optimal design are listed in the following points.

1. Evaluation of the load-side conditions to estimate T2(t), on the basis of
the chosen load-side motion profile as ϑ̇l(t), ϑ̈l(t). These profiles are then
used to evaluate their mean, RMS and peak values.

2. Selection of the gearbox size according to the peak output torque and the
rated torque [27]. As for the peak torque, the following constraint should
be considered:

T2B > Tmax
2 fs (48)

meaning that the peak torque rating of the gearbox, T2B , must be larger
than the maximum value of the load-side torque Tmax

2 , including the ser-
vice factor fs to account for the specific field of application and for the
number of working cycles per hour, according to the specific gearbox man-
ufacturer’s suggestions. This limit is independent of τ and of the motor
size, and therefore it can be enforced at this early stage without the need
of any iteration. As for the gearbox rated torque T2R, the following con-
straint should be considered as well to chose the correct gearbox size, after
computing the root mean cubic value of T2 as T2,RMC :

T2R > T2,RMC = 3

√

√

√

√

√

√

√

√

T
∫

0

|T 3
2 (t)ϑ̇l(t)|dt

T
∫

0

|ϑ̇l(t)|dt

(49)

As the previous one, this constraint is independent of τ and of the motor
choice.
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3. Synthesis of the scaling rules for the gearbox within the selected size, for
the coupling, for the motor and for the drive.

4. Minimization of the energy consumption, by defining the optimal choices
of TCS and τ as those minimizing the cost function of eq.(47). The mini-
mization problem can be stated as:

min
[TCS ,τ ]

Etot(TCS , τ) (50)

subject to: τ > max

{

|ϑ̇l|max

ω1B
,

∫ T

0
|ϑ̇l(t)|dt

ω1,r T
,
|ϑ̇l|max

ωm,max

}

(51)

subject to: TCS >
1

αs

Tm,RMS

1− αδϑ̇m,RMS

(52)

The constraint in eq.(51) is introduced to account for the speed limitations
of the gearbox, to comply with its absolute maximum speed ω1B and for
its rated speed, ω1,r, both referred to the input shaft, and to account for
the motor maximum speed ωm,max. These constraints are to be enforced
at this stage of the design procedure, as they have an obvious dependency
on τ . The constraint in eq.(52) that represents the minimum motor size
has already been discussed in section 4.5. Other constraints can be set as
well, such as constraints on the inertia ratio.

5. Selection of the gearbox, among the selected size of the adopted catalogue,
by identifying a close match to the optimal gear ratio

6. Selection of the motor from the adopted catalogue, by identifying a close
match to the optimal motor sizing TCS and a reasonable value of maximum
speed, when more than one option is available.

7. Verification of the designed system with the actual data provided by man-
ufacturers.

6 Application example I: integrated design of a

constant inertia system

In this first example the proposed method for the energy-optimal design is ap-
plied to a constant inertia system, with the aim of providing a description of
the just outlined step-by-step procedure in the clearest possible manner. The
choice of the components is limited to the data-sheets used for the definition of
the scaling rules constants, although the method can be applied with reference
to other databases of components as well.

In this first test case, the load is made by a constant inertia load, JL = 2
kgm2, plus a constant resistant torque Te = 4 Nm and a friction torque with
viscous constant kf = 2× 10−2 Nms/rad. The sample motion assumed for the
load consists of a rotation h equal to 10 revolutions, which takes place over a
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motion time equal to 5 s, followed by a pause lasting 2 s. The motion profile is
a trapezoidal speed one, with acceleration and deceleration times equal to 1/10
of the motion time. These data completely specify the load-side conditions in
terms of load side torque, T2(t) and ϑ̇l. Both are represented by the graphs in
fig. 11.
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Figure 11: Test case I: load-side torque T2(t) and speed ϑ̇l(t) profiles

On the basis of the computed load-side torque and speed, a set of suitable
gearboxes can be defined, according to the system sizing procedure presented in
section 5. According the manufacturer’s recommendation [11] a unitary safety
factor fs is used to evaluate the minimum admissible value of T2B (see eq.(48))
since the number of cycles per hour is less than 1000: the minimum value of
T2R is then equal to 60.1 Nm. As far as rated output torque is concerned
(eq.(49)), the minimum value is T2R = 27.1 Nm. Hence, the single-stage and
dual-stage gearboxes belonging to the SP+ 100 MF family are well suited for
the application. The reducers belonging to the subsequent SP+ 140 MF size,
as well as to the larger sizes, are oversized for the application and hence they
are excluded from the design procedure.

The combination of the 17 gearboxes belonging to the SP+ 100 MF family
(with i = 1/τ ranging from 3 to 100) with the 45 motors taken into consideration
from the datasheet [50] leads to as many as 765 possible design to be evaluated,
if an enumerative approach would be used.

Solving the optimization problem of eq.(50), gives the following results: the
minimum energy consumption is equal to 297.9 J, obtained for i = 9.4 and
TCS = 8.9 Nm. The optimization routine is of quick and straightforward im-
plementation and solution, given that the optimization problem is convex. The
dependency of the energy consumption on i and on TCS is highlighted by figure
12, which clearly shows the convexity of the energy function (just the single-
stage gearboxes are shown for clarity of representation). The optimal design is
represented by the black circle.

The optimal values of TCS and τ resulting from the optimization can now
be used to browse the motor and the reducer datasheets: the SP100+ catalog
includes a reducer with i = 8, so this can be chosen for the design. As far as the
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Figure 12: Energy consumption vs. reduction ratio i and motor size: model
based on scaling rules

motor choice is concerned, the AKM52 motor class includes five motors with
TCS that ranges between 8.3 and 8.67 Nm, which are close to the predicted ’best’
value of TCS = 8.9 Nm. Any choice among the five candidate motors provides
a similar overall energy consumption, so our choice is to pick the one whose
maximum speed is close to the maximum speed required by the application,
i.e. the AKM52E. Indeed, this choice leads to the feasible motor with the
smallest power rating among the candidate motors. The resulting estimated
energy consumption, computed using the actual parameters provided by the
manufacturers in the datasheet, is equal to 303 J, which closely matches the
prediction of the model based on scaling rules, thus further corroborating the
correctness of the developed motors. The resulting inertia ratio, defined as the
ratio of the reflected load inertia and the motor inertia, is equal to 50.1: such an
high value might seem quite odd, but it complies with the experimental evidence
of the motor manufacturer, described in the work [13] that refers to increasing
the gear ratio as a mean to boost energy efficiency. The motor speed-torque
pairs is shown in fig. 13(a) together with the motor characteristic curve and the
RMS speed-torque pair, which is highlighted by the star-shaped marker.

Testing all the 270 possible design combinations using the actual catalog pa-
rameters, i.e. referring to the data shown in fig. 14 with reference to just single-
stage gearboxes, highlights a slightly different energy-optimal design, found by
using i = 8 and the motor AKM52L, which has a slightly larger TCS (equal to
8.67 Nm) and higher speed capabilities than the previously chosen motor. The
energy requirement for this design is equal to 299.4 J : the small improvement of
energy efficiency from the previous design choice is however very limited (1.4%)
and this design is, in practice, equivalent to the one found through the scaling
rules. This corroborates that the proposed method is based on a reliable repre-
sentation of the energy consumption that can replace the time-consuming and
error-prone method of testing hundreds of design choice.

A further analysis of the energy-optimal design reveals that it leads to a
sensibly larger motor than the smallest feasible one: the minimum size motor
that complies with the limit of eq.(52) has a continuous stall torque TCS =
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Figure 13: Characteristic curve and required speed-torque pairs for the motor
AKM52E with τ = 1/8. RMS operating point show by the black star
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Figure 14: Energy consumption vs. reduction ratio i and motor size: model
based on actual data

3.9 Nm which, coupled to a gearbox with i = 8, requires 384.4 J to execute
one working cycle. This point is located on the bottom-left point of the surface
shown in fig. 12. The closest (feasible) match to this motor size is the motor
with TCS = 4.7 Nm which requires as much as 398.2 J for each working cycle i.e.
the increase of energy consumption is equal to +26.9%. Choosing the smallest
size motor provides the cheapest purchase option of the motor, but is more
expensive in the long run if the cost of the energy is taken into account as well.
It is interesting noticing that the energy consumption provided by the minimum-
torque design is higher, thus corroborating the effectiveness of the underlying
idea of the proposed method. Generally speaking, a slight oversize of the motor
together with the suitable gear ratio allows reducing the energy consumption
despite the increase of the motor inertia. This is due to the beneficial effect of
the motor-size increase on the reduction of the ratio R/k2t , that decreases with
the same trend of the increase of Jm. Since R/k2t affects the contributions on the
energy absorbed by both the load side and the motor side, the overall energy
is lowered despite the increase of Jm. On the other hand, excessive oversizing is
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prevented by the small efficiency of the drive when it works far from the rated
current (see eq.(43,44)), and by the increase of the coupling moment of inertia
as the motor-side torque increases (see eq.(42)).

7 Application example II: integrated design of

a variable inertia system

The method outlined in this work, as already mentioned, can be applied to any
load, including mechanical systems with variable inertia. One example is here
provided by the slider-crank mechanism shown in fig. 15(a). The mechanism is
modeled by taking into account the mass of the crank, of the slider and of the
connecting rod, as well as the effects of gravity.
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Figure 15: Test case II - slider crank mechanism (a), load-side torque and speed
profile (b)

The motion of the mechanism is represented by a fifth-degree profile of the
crank angular position, which performs a full rotation in 1 s, followed by a 0.2 s
rest phase. The resulting joint speed ϑ̇l(t) and torque acting on the gearbox
shaft, T2(t), are shown in fig. 15(b).

The design of the energy-optimal actuation system for this system is, as in
the previous test-case, first performed through the proposed method and then
assessed through the evaluation of all the 354 possible design combinations. The
gearbox sizing sets the requirements T2B > 136.3 Nm and T2R > 69.8 Nm,
leading to the choice of the class SP100+ of the adopted datasheet. Solving
the constrained energy optimization problem results in an optimal design with
τopt = 1/10 and TCSopt

= 17.9 Nm, leading to the estimated energy consump-
tion Eopt = 27.3 J . Fig.16(a) shows the estimated energy as a function of τ
and TCS (two-stage reducers are neglected for a clearer representation) and the
optimal design is highlighted by the black circle. The evaluation of the energy
consumption of all the combinations of the single-stage reducers and all the

27

This is a pre-print of the article: P. Boscariol, D. Richiedei

Energy optimal design of servo-actuated systems: a concurrent approach based on scaling rules

Renewable and Sustainable Energy Reviews, Volume 156, March 2022, 111923

https://doi.org/10.1016/j.rser.2021.111923



motors is shown in fig.16(b): it is clear that fig.16(a) provides a very precise
approximation of the actual absorbed energy.
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Figure 16: Test case II: sizing with single stages reducers

The AKM63 motor class, whose TCS values range from 16.6 to 17 Nm, is
the one that better fits the theoretical optimal design. Among the five motors
in this class, the one with the smallest power rating is the AKM63G, whose
TCS is equal to 16.6 Nm and whose rated speed is equal to 1500 rpm, choosing
this motor with a 10 : 1 reducer results in an estimated energy consumption per
cycle equal to 28.7 J , which is very close to the expected one. The characteristic
curve of the AKM63G motor, the torque-speed pairs and the RMS operative
point are shown in fig.17. As in the previous test-case, the motor is more than
twice larger than the absolute minimum motor size design, which leads to the
solution τ = 1/10, TCS = 6 Nm.

Since the surface representing the energy vs. TCS and τ in fig.16 is flat
around the optimal value, a suboptimal (but still very good) design can be

Figure 17: Test case II: torque-speed pairs for the AKM63G motor with τ =
1/10
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obtained with a smaller motor, such as the AKM54G one, whose continous
torque at stall is TCS = 14.3 Nm. The expected energy consumption, evaluated
on the basis of the datasheet values, is slightly increased to 29.4 J i.e. by +2.4%
in this case the lesser energy efficiency might be compensated by a cheaper initial
cost.

8 Conclusions

This paper proposes an effective approach to the reduction of the energy con-
sumption in servo-actuated mechanism by by means of the optimal selection of
the motor and the gearbox. The problem has a relevant impact since these sys-
tems are widely adopted in modern industry, and designers usually just rely on
off-the-shelf components using traditional sizing approaches that neglect the is-
sue of energy consumption. The proposed method is based on the use of scaling
rules, which condensate into simple relationships the properties of the relevant
components of the system: the motor, the coupling and the planetary gearbox.
Such metamodels can be easily obtained by the data provided in datasheets,
thus making the proposed method simple to implement and appealing to the
industry practitioner. In particular, the proposed scaling rules allow to refer all
the relevant design data to just two governing parameters, i.e. the motor contin-
uous torque at stall and the gear ratio. The core of the energy-optimal design is
the analytic formulation of the overall energy consumption of the system which
is performed by exploiting the scaling rules. As a result, the energy-optimal
design can be set as a two-parameters constrained optimization problem.

The method is of general application, given that the design procedure is
compliant with a generic load and the scaling rules can be fitted to any collection
of manufacturers’ data. The formulation of the scaling rules is here applied to
planetary gearboxes, but analogous models can be developed for other devices
as well.

The effectiveness and the accuracy of the design procedure is tested by apply-
ing it to two test-cases, showcasing the suitability to both constant and variable
inertia loads. The results show that the approximation introduced by the use of
scaling rules is rather minor, leading to a very precise estimation of the energy
expenditure. Nonetheless, the proposed design method is simple and quickly
leads to the optimal solution.

The two design examples included in this work show that the solution found
by applying the proposed method is virtually identical to the optimal one in
both cases, the latter being found by an exhaustive exploration of the design
space, i.e. by testing, one by one, all the possible combinations of motors and
reducers available in the catalogs. The results show some interesting features:
first of all, a wise selection of the motor and of the transmission ratio allows for
a relevant energy saving. Moreover, due to the relevant decrease of the motor
winding resistance as the motor size increases, looking for the minimum-size
motor is not always the best choice in term of energy consumption. The results
also suggest that energy efficiency can be boosted by setting the inertia ratio
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above the traditionally suggested unitary value.
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